Network is considered naturally as a wide range of different contexts, such as biological systems, social relationships as well as various technological scenarios. Investigation of the dynamic phenomena taking place in the network, determination of the structure of the network and community and description of the interactions between various elements of the network are the key issues in network analysis. One of the huge network structure challenges is the identification of the node(s) with an outstanding structural position within the network. The popular method for doing this is to calculate a measure of centrality. We examine node centrality measures such as degree, closeness, eigenvector, Katz and subgraph centrality for undirected networks. We show how the Katz centrality can be turned into degree and eigenvector centrality by considering limiting cases. Some existing centrality measures are linked to matrix functions. We extend this idea and examine the centrality measures based on general matrix functions and in particular, the logarithmic, cosine, sine, and hyperbolic functions. We also explore the concept of generalised Katz centrality. Various experiments are conducted for different networks generated by using random graph models. The results show that the logarithmic function in particular has potential as a centrality measure. Similar results were obtained for real-world networks.
Introduction
Since its introduction by Euler in eighteen century, graph theory has proven its important applications in many different scientific fields. Graphs and linear algebra have been used to model social interactions. Recently network models are now commonplace not only in the hard sciences but also in various technologi-local and global influence of a given node in the network as measured by walks of different lengths through that node. They analysed the relationship between centrality measures based on the diagonal entries and row sums of the matrix exponential and resolvent of the adjacency matrix involving the degree and eigenvector centrality. They showed experimentally that the rankings produced by exponential subgraph centrality, total communicability and resolvent subgraph centrality converge to those produced by degree centrality [1] .
Most of the centrality measures notations considered are combinatorial in nature and based on the discrete structure of the underlying networks. We can extend our studies by defining the centrality measure by using the spectral techniques from linear algebra. Benzi [1] . Though, none of the previous studies considered other matrix functions such as the logarithmic, cosine, sine, hyperbolic functions and the generalized Katz centrality as centrality measures. In this work we will develop the notions of centrality based on matrix functions, and we will use the Kendall correlation coefficient [2] to determine the agreement between the node rankings produced by these matrix functions and those produced by the standard centrality measures.
Elements of Graph
Graphs are discrete structures which consist of vertices connected by edges. A graph can be written as ( )
V G is a non-empty set of vertices (also called nodes) and
( )
E G is a set of edges. An edge of the graph consists of two vertices associated with it, these two vertices are called endpoints.
• We can assign numerical values to the edges of a graph in which case the graph is referred to as weighted. In an unweighted graph we assign to every edge the value 1.
• If the edges of the graph are directed (Figure 1 ), then the graph is called a directed graph or digraph otherwise it is called an undirected graph. An undirected unweighted (Figure 2 ) graph without loops is simple if no two edges connect the same pair of vertices.
• For undirected graphs, if there are multiple edges between a pair of nodes then the graph is called a multi-graph or pseudo-graph. In digraphs we can have two edges connecting two vertices.
Basic Graph-Theoretic Terminology
If uv E ∈ is an edge in an undirected graph G, then nodes u and v are incident to the edge uv and we say that u and v are adjacent (neighbours) in G. It follows that u and v are the endpoints of an edge uv. If G is the directed graph and uv E ∈ , then u is said to be adjacent to v and v is said to be adjacent from u. We call u the initial node of uv and v the terminal or end node of uv. For an undirected graph G, the degree , , , , is a path between every two nodes in the underlying undirected graph. The undirected graph is obtained by ignoring the directions of the edges in the directed graph. All strongly connected directed graphs are also weakly connected.
The digraph in Figure 3 is strongly connected because there is a path between any two ordered vertices in the directed graph. The digraph in Figure 4 is not strongly connected, since, for example, there is no directed path from S to T, nor from V to T, but it is weakly connected.
Matrices in Graphs
This section discuses the way of representing graphs using matrices. There are multiple ways to do this and any graph ( ) , G V E can be represented by using either adjacency, incidence or Laplacian matrices. Open Journal of Discrete Mathematics 
Matrices for Undirected Graph
Given an undirected graph G with n vertices and m edges. The adjacency matrix 
The Laplacian matrix will be
Matrices for Directed Graph
Given a directed graph G with n nodes and m edges. The adjacency matrix of ( )
, where 1 if node is connected to node and directed from to 1 if node is connected to node and directed from to 0 otherwise
The incidence matrix is given by { } Figure 6 is a digraph which shows that there is path from node A to any other node of the graph, nevertheless there is no path from node C to any other node of the network. The adjacency matrix A and the incidence matrix M will be 
Distance in Graphs
Geodesic distance denoted as ( ) 
The distance matrix of a graph, denoted as D , is the square matrix 
Perron-Frobenius Theorem
We will state (without giving the proof) the Perron-Frobenius theorem which will be used later on in our work.
Theorem 1 (Perron-Frobenius theorem). Let n n × ∈ A  be an irreducible matrix. Then the Perron-Frobenius theorem states that [12] :
• A has a principal eigenvalue 1 λ such that all other eigenvalues i λ , for 2,3, , i n =  , satisfy • The principal eigenvalue 1 λ has algebraic and geometry multiplicity of 1, and has a right eigenvector x with all positive elements, i.e. λ has algebraic and geometric multiplicity equal to 1, and has a left eigenvector x with non-negative elements, i.e. 
Centrality Measures
Centrality of a given node is a measure of the importance and influence of that node in the corresponding network. The identification of which nodes are more important or central than the others is a key issue in network analysis. We can ask the following questions:
• Which are the most central nodes in a network?
• Which are the most important nodes in a network?
• Which are the most influential nodes in a network?
These types of questions can have different interpretations in different networks. For instance;
• when dealing with a social network, the most central node can be the most popular person, • when dealing with a web portal network, the most central node can be a web page with the best quality of content in a specific field, • in terms of the internet network, the most central node might be a network gateway (router) with the highest bandwidth. These ideas can be used to characterize types of centrality measure to find the most important nodes in a network in a given context. That is, there are many different centrality measures. When measuring the centrality of the node, we should be sure that:
• we know what each centrality measure means; Open Journal of Discrete Mathematics
• what they measure well; and • why a particular centrality measure is the most appropriate for the kind of set we are investigating. The most common centrality measures include degree centrality, betweenness centrality, eigenvector centrality, Katz centrality, PageRank centrality, closeness centrality and subgraph centrality [11] [13].
Degree Centrality
Degree centrality of a node i v in a given network is given by the total degree
The degree centrality measures the ability of a node to communicate directly with other nodes.
In an undirected network, the degree i d of a node is given as
where A is the adjacency matrix, i e is the ith standard basis vector (ith column of the identity matrix) and e is the vector of all entries one.
In a directed network, we can consider the in-degree of a node, given as
∑ e Ae (2) or the out-degree of the node, given as
In a directed graph, a source is a node with zero in-degree and a sink is a node with zero out-degree.
As an example, consider the undirected graph in Figure 8 . We are interested in finding the central node using degree centrality.
The adjacency matrix A for Network-1 in Figure 8 Using the degree centrality measure, node 1 is the most central node due to the fact that it has the highest degree.
Closeness Centrality
Closeness centrality measures the average shortest path length from a node to all other nodes. It uses neighbours and the neighbours of neighbours of a node i v to determine its centrality. Thus, nodes that are not directly connected to i v are taken into consideration as opposed to the degree centrality case.
Letting ( ) d ij be the length of the shortest path from node i to node j, the mean distance from node i to the other nodes in a network is given by; ( ) (4) where N is the total number of nodes and D denotes the distance matrix.
In general, we want to associate high centrality score with important nodes. So we will use the reciprocal of i l as the value of the centrality. Thus, the closeness centrality i c for a node i v is given by:
For example, consider Network-1 in Figure 8 . The distance matrix is given by ( ) ( ) 
Then, Open Journal of Discrete Mathematics 
Eigenvector Centrality
In an undirected network which is connected we can write the measure of centrality by using the eigenvector centrality. Eigenvector centrality takes into consideration the importance of neighbours of a node. In degree centrality a node is awarded one centrality point for each neighbour. Eigenvector centrality gives each node a score which is proportional to the sum of the score of its neighbours. In eigenvector centrality, a node is important if it is linked to other important nodes. The larger an entry on the node, the more important the node is considered to be. From the Perron-Frobenius theorem, the eigenvector associated to the principal eigenvalue of the adjacency matrix A is unique if the network is strongly connected. We define the centrality of a node iteratively by using the sum of its neighbours' centralities. We initially assume that a node j has That is,
where ij a are the entries of the adjacency matrix.
In matrix form we write this as:
After k-steps, we have
Note that the eigenvector centrality is defined as
as a linear combination of eigenvectors i v of the Open Journal of Discrete Mathematics adjacency matrix A , that is,
where the i c are constants.
Then, from Equation (8), we have
Therefore,
where i λ is the eigenvalue associated with the eigenvector i v and 1 λ is the principal eigenvalue.
 , we have;
This implies that the limiting centralities are proportional to the principal eigenvector 1 v of the adjacency matrix.
Therefore, in matrix form, the eigenvector centrality x satisfies
Note that in eigenvector centrality, the higher the centrality of the neighbours of the node, the more important the node is.
For example, consider the network in Figure 9 .
The adjacency matrix for Network-2 in Figure 9 , is given by 
= EVC
Using the eigenvector centrality, we conclude that node 7 is the most important node.
Katz Centrality
Katz centrality takes into consideration both the number of direct neighbours and the further connections of a node in the network. That is, a node is important in Katz centrality if it has universal connections to other nodes in the network. Katz centrality takes into account all paths of arbitrary length from a node i to other nodes in the network.
The Katz centrality k is given by
where e is the column vector of ones, α is called the attenuation factor and A is the adjacency matrix of the network. We can expand Equation (14) as Open Journal of Discrete Mathematics
and, if the sum converges, then ( )
A e (16) where I is n n × identity matrix and e is the column vector of ones.
To ensure the convergence of ( )
A and an accurate definition of Katz centrality, we must consider the attenuation factor α to be within the range
For example, we compute the Katz centrality of Network-2 in Figure 9 . Since the principal eigenvalue is 1 3.531 
⇒ = k
Therefore, node 7 is the most important node.
Subgraph Centrality
Subgraph centrality attempts to measures the centrality of a node by taking into consideration the participation of each node in all subgraphs of the network. It does this indirectly by counting the number of closed walks in the network which start and end at a given node in the network: a relationship can be shown between subgraphs and these walks.
If A is the adjacency matrix of an unweighted network, we know that
corresponds to the number of closed walks of length k starting at node i v .
• ( ) k ij A corresponds to the number of walks of length k that start at node i v and end at node j v .
We define ( ) ( ) as the local spectral moment of node
In a similar way to Katz centrality, subgraph centrality of a node i is a weighted sum of closed walks of different lengths which start and end at node i.
The shorter the closed walk, the more the centrality of the node is influenced.
The subgraph centrality of node i in the network is given by ( )
0 0
Considering the exponential of the adjacency matrix, For instance, let us consider Network-2 in Figure 9 . We want to find the subgraph centrality. We have; 
SC i =
We observe that node 7 has the highest subgraph centrality, thus, node 7 is the most central node.
Relationship between Centrality Measures
Among the challenges that arise in determining the importance of a node in a network using centrality is that it is not always clear which of the centrality measures should be used. It is not obvious whether two centrality measures will
give the same ranking of the nodes in the given network. Also, there is the necessity of choosing the attenuation factor α in Katz centrality which adds another challenge. Different choices of α may lead to different rankings.
Experimentally, it has been seen that different centrality measures provide highly correlated rankings [1] . Ranking becomes more stable when α approaches its limits, i.e. as We will prove these correlations and stability of ranking. This will relate the degree and eigenvector centrality to Katz centrality.
be undirected connected network with adjacency matrix A . The Katz centrality k is given as ( ) 1 .
Then, • as 0 α → , the ranking produced by k converges to that produced by degree centrality, and
• as Proof. The Katz centrality k is given as ( )
A e (19) which can be written as 
where d is the vector of the degree centralities of the nodes.
Consider the relation ( )
It is clear that the ranking produced by ψ will be exactly the same as that produced by k , due to the fact that the score of each node has been scaled and shifted in the same way. Thus, ( )
1 1
.
Then,
Therefore, the ranking produced by the Katz centrality reduces to that produced by degree centrality.
To show the second relation, we write the column vector e , as 
That is, the ranking produced by φ is exactly the same as that produced by k , due to the fact that the score of each node has been scaled and shifted in the same way. This implies that
This implies that the limiting centralities are proportional to the principal eigenvector 1 v of the adjacency matrix. Thus, the ranking produced by the Katz centrality reduces to those produced by eigenvector centrality.
Matrix Functions
This section discusses some of the matrix functions developed using Taylor series.
Matrix functions have applications throughout applied mathematics and scientific computing. Matrix functions are used in various fields, for example, in control theory and electromagnetism and can also be used to study complex networks like social networks. Proof. We prove this theorem only for diagonalisable matrices using the Jordan form of matrix A .
Let Q be a transformation matrix which diagonalizes A . Then we can write • Cosine function We can also define centrality measures by applying analytic continuations of ( ) f z outside its radius of convergence.
Recall that, if the attenuation factor To determine which of the matrix functions can be used to asses centrality in the network, we will do some experimental work on a variety of networks in the following section. We will perform the experimental work by making comparisons between the rankings based on the common centrality measures discussed in section V and the rankings based on these matrix functions.
Experimental Work and Discussion
In this section we aim to analyse experimentally the agreements between the centrality measures discussed in section V, and whether the matrix functions discussed in section VII can be used to determine the important nodes in a network. The experimental work will compare matrix functions to the common centrality measures.
A variety of techniques can be used to compute centrality measures (those discussed in section V) and matrix functions. To compute the exponential of a matrix, logarithmic of a matrix and other matrix functions we will use SciPy matrix functions [14] . In our new measures involving matrix functions and generalisations to Katz centrality, we will calculate centralities by using the diagonal entries of these functions. We will use the Kendall correlation Open Journal of Discrete Mathematics coefficient in our experiments to compare the agreement between centrality measures.
Correlation (Kendall, Pearson, Spearman) Coefficient
Correlation is a bivariate analysis that measures the strengths of association between two variables. The value of the correlation coefficient varies between 1 and −1. The positive correlation signifies that the ranks of both variables are increasing, while the negative correlation signifies that as the rank of one variable increases, the rank of the other variable is decreasing. The correlation coefficient between the two variables is said to be a perfect association if it lies between ±1 [15] . The closer the value of the correlation coefficient to 1 or to −1, the stronger the relationship between the two variables. As the correlation coefficient value goes towards 0, the relationship between the two variables will be weaker. In statistics, we usually measure the strengths of association by:
Pearson correlation, Kendall rank correlation and Spearman correlation.
The Kendall coefficient of correlation is the measure of the degree of correspondence between two set of ranks given to the same set of objects. The
Kendall coefficient is interpreted as the difference between the probability of these objects being in the same order and the probability of these objects being in a different order [2] .
Let X and Y be two observations, such that ( ) (
, , , , , , • Any pair of observations ( ) • The pair is said to be discordant if Pearson correlation is a measure of degree of linear relationship between two variables and is denoted by r. Pearson correlation is basically used to draw a line of best fit through the data of two variables, r indicates how far away all these data points are to the line of best fit.
The following formula is used to calculate the Pearson r correlation: To use Pearson correlation r, the two variables must be measured either in interval or ratio scale. However, both variables do not need to be measured on the same scale (for instance, one variable can be ratio and one can be interval).
We can not use the Pearson correlation for ordinal data, instead we use
Spearman's rank correlation or a Kendall's Correlation.
Spearman rank correlation is the nonparametric version of the Pearson correlation coefficient that is used to measure the degree of association between two two continuous or ordinal variables.
The following formula is used to calculate the Spearman rank correlation:
( ) We use the Spearman correlation coefficient when the relationship between variables is not linear.
Despite the fact that both Spearman and Kendall correlations measure monotonicity relationships and have a nice interpretation but in this paper we will opt to use the Kendall correlation coefficient due to the following reasons [16] [17]:
• The distribution of Kendall's has better statistical properties.
• The interpretation of Kendall's in terms of the probabilities of observing the agreeable (concordant) and non-agreeable (discordant) pairs is very direct.
• The Kendall correlation has a smaller gross error sensitivity (GES) (more robust) and a smaller asymptotic variance (AV) (more efficient), that is 
Network Models
Networks have been around us for so many years and the study is not new.
Graph theorists and mathematicians have been surrounded by problems where they were trying to make sense of these complex networks. As a result of this, random network theory was generated stating that nodes and links in a graph are connected randomly to each other. In this paper we will consider three networks model due to its significance:
• Erdös-Rényi model: are formed by completely random interactions between the nodes. Each node chooses its neighbours at random, constrained either by an overall number of relationships that might be assigned in the graph, or a probability of connecting to a certain neighbour [18] . Mathematically, each network would be following a poison distribution. This distribution is such that vast majority of nodes have equal number of links and it is almost impossible to find outliers.
• Barabási-Albert model: these are scale-free networks which are formed by two simple mechanisms, growth and preferential attachment. The main prediction which a scale free network makes is the presence of few outlier nodes which have many connections. These nodes are also known as hubs.
Preferential attachment is a probabilistic mechanism in which a new node is free to connect to any node in the network, whether it is a hub or has a single link [18] [19] .
• Watts-Strogatz model: is important because it shows how the "small-world effect" in networks can coexist with other commonly observed features of social networks, like a high clustering coefficient. More specifically, the model showed how adding a small fraction of random long-range links in an otherwise regular network can lead to slow, logarithmic scaling of the typical distance between nodes with network size [20] .
First Experiment
We begin our experiments by considering a small network with 20 nodes. The network was randomly generated in text editor and drawn using Sage. The aim is to determine which of the matrix functions give similar rankings as the common centrality measures. We have many functions to choose from and we want to limit our choice. Note that we will not consider the exponential functions since it is similar to the subgraph centrality.
The experiment shows that the diagonal entries of the logarithmic function and cosine function give the ranking of the nodes in reverse order as compared to other rankings. Also, we observe that the sine function does not match any other centrality measure. The network in Figure 10 , having 20 nodes and 42 edges gives us a real picture on node ranking.
The rankings of the nodes obtained for the graph in Figure 10 by using different centrality measures including matrix functions are shown in Table 1 . Note that the ranking is from the most to the least important/central node with respect to the centrality measure used.
To avoid making many comparisons using Kendall correlation coefficient between the common centrality measures and those produced by matrix Open Journal of Discrete Mathematics functions, we will choose one centrality measure among the other one. To do this we need to investigate whether the chosen centrality measure agrees with the other centralities measures. In this case, we make a comparison between the closeness centrality (CC) and degree centrality (DC), eigenvector centrality (EC), Katz centrality (KC) and subgraph centrality (SC) for graph in Figure 10 . Table 2 shows that there is an agreement between closeness centrality and other centrality measures.
We observe from graph of Figure 11 that there is an agreement between closeness centrality and other centrality measures.
In Table 1 , we have to modify the cosine and logarithmic functions so that they match with other rankings. The best way of doing this seems to be by reversing the order of their rankings.
To be more confident about the rankings of nodes using matrix functions, we will use the Kendall correlation coefficient to make the comparison between closeness centrality and the matrix functions. We chose closeness centrality among the other standard centrality measure to make the comparison with matrix functions in as much as it takes into account neighbours and the neighbours of neighbours of a node to determine its centrality. In the comparisons, we denote by ( ) CC, f τ the Kendall coefficient between closeness centrality and centrality measure induced by ( ) f A . In Table 3 , we reversed the rankings given by the cosine and the logarithmic functions before calculating the Kendall coefficients. We observe in Table 3 Table 3 . Kendall coefficients between closeness centrality and matrix functions applied to graph in Figure 10 
Second Experiment
We compare the agreement of centrality measures, by generating 10 random networks using the Barabási-Albert preferential attachment model.
The Barabási-Albert model is a simple scale-free random graph generator. The network begins with an initial set of 0 2 m ≥ nodes. The degree of each node in the initial network should be at least 1, if not, the network will always end up being disconnected. New nodes are free to attach to an existing node in the network. At each step, a new node is created and connected to an existing node.
Each new node is connected to 0 m m ≤ existing nodes with a probability that is proportional to the number of links that the existing nodes already have. To use this method, we specify the number of nodes in the network (n) and the number of new nodes form as they appear (m) in such a manner that nodes with higher degree have a higher chance of being selected for attachment [21] .
The comparisons involve rankings of nodes using centrality measures such as closeness centrality, degree centrality, eigenvector centrality, Katz centrality and subgraph centrality. We use ( )
A e in this experiment to compute Katz centrality. In all cases we take Table 5 . Kendall coefficients for centrality measures applied to different random networks generated by using the Barabási-Albert method. closeness centrality is highly correlated with centrality measures corresponding to 2 τ , 3 τ and 4 τ . The eigenvector, Katz and subgraph centralities are also highly related, as indicated by 8 τ , 9 τ and 10 τ . The experiment shows that the agreement becomes stronger if the network is more connected. In general, we say that for sufficiently dense (i.e., very connected) networks, the two measures provide almost identical rankings, producing Kendall correlation coefficients close to 1.
Third Experiment
We generate 10 random networks as in the second experiment. This time, we fix the value of n to be 200 and we vary m. We calculate the Katz centrality for each network using different choices of α . Recall, the Katz centrality of the nodes is given by ( )
A e. We choose We observe in Table 7 
Fourth Experiment
We repeat the second experiment involving generating 10 random networks with different number of nodes by using the Erdös-Rényi method. We will use the same notation for Kendall coefficients as we used in the second experiment, see Table 4 .
The Erdös-Rényi model is used to generate random networks in which edges are set between nodes with equal probabilities. The model can be used to prove Table 6 . The notations of Kendall correlation coefficients. Table 7 . Kendall coefficients for generalized Katz centrality applied to random networks generated by using the Barabási-Albert method. [22] . To generate random networks using the Erdös-Rényi model, we need to specify two parameters: the number of nodes in the network denoted by n and the probability p that a link should be formed between any two nodes [22] .
The Kendall coefficients in Table 8 are all positive and they are close to 1.
Using the concept of Kendall coefficients, we say that rankings of nodes using centrality measures for random networks generated by using the Erdös-Rényi are highly correlated. This implies that there is a strong agreement in their rankings.
We repeat the third experiment but this time, generating 10 random networks with 200 nodes by using the Erdös-Rényi method. We will use the same definition of Katz centrality and the same notation as in Table 6 . k k τ are approximately zero.
Fifth Experiment
We repeat the second experiment, but now with 10 random networks generated by using the Watts-Strogatz method. The same notation for the Kendall coefficient will be used as that used in the second experiment, see Table 4 . Table 8 . Kendall coefficients for centrality measures applied to different random networks generated by using the Erdös-Rényi method. Table 9 . Kendall coefficients for generalised Katz centrality applied to 10 random networks with 200 nodes generated by using the Erdös-Rényi method. The Watts-Strogatz model was developed as a way to impose a high clustering coefficient onto classical random graphs. It produces networks with a small-world property. To generate these networks, we use watts_strogatz_graph(n, k, p) in Sage.
Here, n denotes the number of nodes in the network which are arranged in a ring and connected to k nearest neighbours in the ring. Each node is considered independently and, with probability p, a link is added between the node and one of the other nodes in the network, chosen uniformly at random in accordance with experiments detailed in [1] .
In our experiment, we varied n,k and p and in each case, five networks were created. The averages of the Kendall coefficients over these 5 networks for different centrality measures are given in Table 10 . These Kendall coefficients are computed for the complete set of rankings. The Kendall coefficients show that the agreement between the centrality measures are much weaker than for the networks produced by Barabási-Albert and Erdös-Rényi methods. The experiment also shows that as the network becomes denser the correlation between measures becomes stronger.
We then repeat the third experiment using the Watts-Strogatz method. The same definition of Katz centrality and the same notation were used as in Table   6 .
In Table 11 we see a high agreement between the rankings of 1 k and 2 k .
The rankings by 3 k and 4 k are exactly the same. We also see the same pattern as in Table 9 , so the same conclusion apply.
Sixth Experiment
The aim of this experiment is to use the three methods (Barabási-Albert, Erdös-Rényi and Watts-Strogatz) for generating random networks and to use Open Journal of Discrete Mathematics Table 11 . Kendall coefficients for generalised Katz centrality applied to 10 random networks with 200 nodes generated by using the Watts-Strogatz method. the Kendall correlation coefficient to see whether there will be an agreement between the closeness centrality and matrix functions, such as the logarithmic, cosh, sinh, cosine and sine functions. Using each method, we generate 10 random networks and for each network we create five networks in which the Kendall coefficient will be obtained by taking the average over these 5 created networks. The aim is to see whether the pattern observed in our first experiment is repeated. networks generated by using the Barabási-Albert method. On the other hand, the agreement between closeness centrality and other matrix functions such as cosine and sine is weak.
We now generate 10 random networks by using the Erdös-Rényi and Watts-Strogatz methods. Table 13 shows that networks generated by using the Erdös-Rényi method agree in the ranking measures given by closeness centrality and matrix functions such as logarithmic, cosh and sinh. Table 14 shows that the agreement between closeness centrality and the matrix functions (cosh, sinh, cosine and sine) are weak in many cases. When we use the Watts-Strogatz method to generate the networks, the logarithmic function, gives a ranking similar to closeness centrality when 10 m ≥ .
In general, the agreement between closeness centrality and hyperbolic functions (cosh and sinh) is not strong for the networks generated by using the Watt-Strogatz methods. The agreement between closeness centrality and the cosine function as well as the sine function in networks generated by using Barabási-Albert, Erdös-Rényi and Watts-Strogatz methods are all weak. Among the tested matrix functions, the logarithmic function gives the best agreement of ranking with other centrality measures.
Real-World Network Experiments
In this experiment, we will study the Kendall correlation coefficient for real-world networks. The networks in this experiment come from a variety of sources, some of these data we have obtained from Gephi sample datasets [23] and others are found in Pajek Data Sets [24] . We will compare only some of the centrality measures (closeness, subgraph and Katz) and the logarithmic matrix function. Note that we are not interested in the meaning of each node within the Table 14 . Kendall coefficients between closeness centrality and matrix functions for 10 random networks generated by using the Watts-Strogatz method. network, what we really want to know is whether there is an agreement between these centrality measures in real-world networks. We chose the logarithmic function over other matrix functions since it shows a high agreement with other centralities when applied to random networks.
We can clearly see from Table 15 that all Kendall coefficient are positive. This implies that there is an agreement between the rankings of nodes. We also observe that the agreement between centrality measures (closeness, Katz, subgraph) and the logarithmic function is high, irrespective of the connectivity of the underlying network. In general, we can say that the logarithmic function is the best of the tried matrix functions and can be used as a centrality measure, since it gives a ranking similar to rankings of other centrality measures. Open Journal of Discrete Mathematics 
Conclusions
In this work we examined the centrality measures such as closeness, degree, eigenvector, Katz and subgraph. We showed the relationship between the Katz centrality and eigenvector as well as degree centrality. We developed our notion of centrality measure by considering the rankings of nodes based on matrix functions such as logarithmic, cosine, sine, hyperbolic functions and the generalised Katz centrality. We showed experimentally by using various classes of graphs that the rankings of the nodes given by closeness, degree, eigenvector, Katz and subgraph centrality are highly correlated. Moreover, we showed experimentally that the rankings of nodes given by different choices of attenuation factor α for the generalised Katz centrality, in which In terms of matrix functions, the experiment shows that there is a high agreement between the rankings of nodes given by the logarithmic function and other common centrality measures discussed in Section V. Similar results were found to hold for real-world networks: the rankings given by the logarithmic function and those given by closeness, Katz and subgraph centrality are highly correlated irrespective of the connectivity of the network. In general, we concluded that the logarithmic function, out of the matrix functions we have considered, is the best and can be used as a centrality measure.
In this work, we considered only the diagonal entries of the matrix functions with some modifications of the calculations of their Kendall correlation coefficients. We also found that the logarithmic function gives a relatively good ranking as compared to the rankings given by other centrality measures. We suggest that in the future, we can consider the row sums of these matrix functions with or without any modification and examine whether they give Open Journal of Discrete Mathematics similar rankings as other centrality measures. The paper did not analyse the significance and the uses of the centrality measures based on matrix and it has been left for future work.
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